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Abstract

Conventionally, maximum average signal-to-noise ratio beamforming (Max-ASNR BF) and

maximal-ratio combining (MRC) are applied to antenna array systems. A recently-proposed com-

bining approach based on the Karhunen-Loève Transform (KLT) followed by MRC of the strongest

resultant signals, denoted herein as maximal-ratio eigen-beamforming (MREC), was claimed to be

superior and flexible compared to Max-ASNR BF and MRC for correlated, imperfectly-estimated

channels, but comprehensive analytical tools required to understand, evaluate and apply MREC to

smart antenna arrays were not available. For Rayleigh fading and BPSK modulation, general MREC

average error probability (AEP) expressions are derived herein for correlated channels which are

imperfectly estimated. Particular cases of these formulas also describe Max-ASNR BF and MRC of

the original untransformed received signals (MRCO). A criterion which allows flexible MREC tuning

to the actual environment by trading-off detection performance versus complexity is proposed. The

analytical results are applied for channel estimation using pilot-symbol-aided modulation (PSAM)

and interpolation and they show that significant gains can be obtained with MREC-based smart

antenna arrays in scenarios with significant correlation of the received signals, compared to Max-

ASNR BF as well as MRCO.

Index Terms

Beamforming, BPSK modulation, correlated channels, diversity, imperfect channel estimates,

maximal-ratio eigen-combining, Rayleigh fading.
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I. INTRODUCTION

Antenna arrays enhance the capabilities (capacity, range, data rate) of wireless communi-

cation links by combating fading and by boosting the intended signal relative to noise and

interference.

In a wireless link, spatial fading may occur because multiple replicas of the transmitted

signal may arrive at the receiver from many distinct angles. The azimuthal angle of arrival

(AOA) of these paths is a random variable whose distribution depends on scattering. The

AOA standard deviation is generally denoted asangle spread[1].

The angle spread directly impacts the correlation of the signals received at an antenna array

[1] [2] [3]: large angle spread induces low correlation and vice-versa. For perfectly-known

channels and no interference (this latter assumption holds throughout this work), maximal-

ratio combining [4] (MRC) is optimum regardless of the combined signals’ correlations.

However, MRC yields lowest average probability of error (AEP) for uncorrelated channels.

On the other hand, maximum average signal-to-noise ratio beamforming [5] (Max-ASNR

BF) yields lowest AEP when the signals are completely correlated (coherent). Naturally then,

Max-ASNR BF is conventionally proposed for scenarios with line-of-sight and/or negligible

angle spread, while MRC is employed otherwise.

Max-ASNR BF relies on the covariance of the channel vector, which, compared to

the channel coherence time, is considered a long-term channel feature since averaging is

performed over temporal fading and noise [3] [6]. Max-ASNR BF has low complexity and

offers antenna gain but no diversity gain [2] [7]. On the other hand, MRC exploits only short-

term channel features since averaging is over noise only. MRC offers maximum diversity

gain, but its performance may be impaired by poor and computationally-intensive short-term

channel estimation [6]. Obviously, applying these well-established combining techniques may

be somewhat rigid in practice since the angle spread may also change over time.

The pitfalls of Max-ASNR BF and MRC lead to the development of the so-calledeigen-

beamforming [3], which we refer to as maximal-ratio eigen-combining (MREC) herein.

In MREC, appropriately-chosen eigenvectors of the covariance of the channel vector form

the Karhunen-Lòeve Transform (KLT) of the received signal vector. The strongest resultant

signals are then combined using the MRC criterion.

Several authors have claimed mainly based on simulation results that MREC has better

symbol-detection performance than Max-ASNR BF in scenarios with angle spread [6] [7] [8],
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since MREC takes advantage of available diversity gain. MREC was also shown [6] [9] to

outperform MRC on the original untransformed signal vector (denoted further as MRCO) in

scenarios with correlated received signals and imperfect channel estimation, as MREC may

reduce the dimension of the short-term processing problem and produce improved short-term

estimates [3] [6]. However, the previously-proposed MREC analysis [9] and tuning method

[10] have applicability limited to certain channel estimation methods.

Therefore, in this paper we analyze MREC to find more general AEP-expressions and

method for adaptive tuning. Based on analysis results we compare MREC with Max-ASNR

BF and MRCO from the detection performance standpoint.

This work is organized as follows: we first present the signal model and the MREC

approach for perfect channel knowledge. We then briefly describe the pilot-symbol-aided

modulation (PSAM) technique which can be exploited using interpolation for channel

estimation. In Section III we describe an approximate MREC (AMREC) approach which is

widely used when the channel is estimated, and, for Rayleigh fading and BPSK signals, we

obtain a novel and general AEP-expression required for a study of a AMREC-based antenna

array employed in environments with angle spread. Special cases apply to Max-ASNR BF,

and approximate MRCO (AMRCO) for data-independent interpolation. In Section IV we

analyze the less-known exact MREC (EMREC) approach, and based on its AEP-formula we

devise in Section V a criterion which trades-off detection performance versus complexity

and adaptively tunes a MREC-based antenna to the actual environment. In Section VI we

provide numerical results for the AEP of MREC, Max-ASNR BF and MRCO as applied to a

uniform linear antenna array (ULA). These results show that significant benefits in terms of

detection performance and flexibility are possible by employing MREC with adaptive tuning

based on the proposed criterion in scenarios with high correlation among received signals.

II. MAXIMAL-RATIO EIGEN-COMBINING (MREC)

Consider thatL copies of a BPSK signal affected by Rayleigh fading and zero-mean

additive noise are available for processing at the receiver. After demodulation, matched-

filtering and symbol-rate sampling, the complex-valued received signal vector can be written

as:

ỹ =
√

Eb b h̃ + ñ (1)

whereEb is the energy transmitted per symbol,b ∈ {±1} is the equiprobable binary random

symbol,h̃ andñ are the complex zero-mean Gaussian channel and noise vectors, respectively,
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with h̃ ∼ N (0,Rh̃), and ñ ∼ N (0, N0 IL). We denote the elements of̃h as (original)

branches, and we assume them to be perfectly-known further in this section, unless stated

otherwise.

The correlation matrixRh̃

4
= E{h̃ h̃H} is Hermitian, i.e.,Rh̃ = RH

h̃
, and therefore has

real non-negative eigenvaluesλ1 ≥ λ2 ≥ . . . ≥ λL ≥ 0, and a complete set of orthonormal

eigenvectors,ei, i = 1 : L
4
= 1, . . . , L. Then,Rh̃ = ELΛΛΛLE

H
L , whereΛL

4
= diag{λi}L

i=1 is

a diagonal matrix andEL
4
= [e1 e2 . . . eL] is a unitary matrix, i.e.,EL EH

L = EH
L EL = IL.

Throughout this work we assume thatΛΛΛL andEL are perfectly-known.

Maximal-ratio eigen-combining (MREC) of orderN , 1 ≤ N ≤ L consists of two steps:

1) First, theL × N matrix EN
4
= [e1 e2 . . . eN ] of full column rank, withEH

N EN = IN

but EN EH
N 6= IL, is used to apply the KLT to (1) and obtain the transformed signal

vector

y =
√

Eb bh + n, (2)

wherey
4
= EH

N ỹ,h
4
= EH

N h̃,n
4
= EH

N ñ. The elementshi
4
= eHi h̃, i = 1 : N , of h

are further referred to aseigen-branches[3], and are also assumed perfectly-known

unless stated otherwise. Vectory contains the projections of the original vectorỹ on

the N eigenvectors corresponding to the largest eigenvalues ofRh̃, i.e., yi
4
= eHi ỹ =

√
Eb b hi + ni, wherehi

4
= eHi h̃ andni

4
= eHi ñ, i = 1 : N . Of all possible transforms

the KLT is the optimum least-squares decorrelating transform [11] since it packs the

largest amount of energy from the original signal vectorh̃ of dimensionL into the the

new vectorh of dimensionN ≤ L, and the eigen-branches are mutually uncorrelated

each with variance

σ2
hi

4
= E{|hi|2} = λi, (3)

i.e., Rh = ΛN = diag{λi}N
i=1, for any branch distribution [11]. For our initial

assumptions about the branches and the noise,h ∼ N (0, ΛN) so that the eigen-branches

are independent, andn ∼ N (0, N0 IN) [12].

2) The elements ofy are linearly combined so that to maximize the instantaneous output

SNR, i.e., using the maximal-ratio combining (MRC) criterion [4]. The corresponding

combiner for the signal in (2) is

wMREC = h. (4)
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For N = 1, MREC reduces to maximum average SNR beamforming [5] (Max-ASNR BF)

for the original received signal vector, where the combiner is proportional to the eigenvector

of Rh̃ corresponding to its largest eigenvalue. Max-ASNR BF can provide antenna gain of

up to10 log10L dB [2] [13] when the original branches are highly correlated, but no diversity

gain [13] in scenarios with lower branch correlation [7].

It can be shown that for the case of perfect channel knowledge, MREC of orderN = L,

denoted further as full MREC, is equivalent to MRC for the original received signal vector

(MRCO), so that for correlated original branches performance measures for MRCO can be

derived by analyzing the equivalent full MREC operating on independent eigen-branches

[12].

In the above discussion, we assumed perfect knowledge of the branches and eigen-branches

for MRCO and MREC, respectively, which is unrealistic since these short-term channel

parameters have to be estimated from the received signals. In this work we will consider that

∀ i = 1 : N the estimategi = ĥi of the eigen-branchhi is calculated from temporal samples

of yi, so thatgi andgj are independent fori 6= j. Assume also thatgi is zero-mean, thatgi

andhi are jointly-Gaussian,∀i = 1 : N , and define their correlation coefficient as [14]

µi
4
=

E{hi g
∗
i }√

E{|hi|2}E{|gi|2}
=

σ2
hi,gi√

σ2
hi

σ2
gi

=
σ2

hi,gi√
λi σ2

gi

(5)

and assume it to be real-valued [15, Appendix C].

Generally, branch/eigen-branch estimates are used as actual combiner weights — e.g., for

MRCO in [15, Appendix C] [16] [17], and for MREC in [9] [10] — which is suboptimal in

the maximal-ratio sense. We will analyzeapproximateMREC (AMREC) in Section III. For

estimated independent branches, the optimal combining method in the maximal-ratio sense

is analyzed in [14] for MRCO. Applying results from [14] forexactMREC (EMREC) leads

us to propose a novel criterion which may enable a smart antenna array to adaptively select

the most appropriate number of dominant eigen-branches in MREC for any channel features,

as is described in Section V.

The remaining of this section consists of a description of channel estimation using pilot-

symbol-aided modulation (PSAM) and interpolation. The results shown next will be used to

specialize the general analysis presented in further sections.

In pilot-symbol-aided modulation (PSAM) the transmitter periodically inserts pilot symbols

into the data symbol stream. The receiver then estimates the fading gain by interpolating the

pilot samples acquired across frames [18]. The notation(t,m) is used to denote temporal
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TABLE I

CORRELATIONS REQUIRED FORµi IN (5)

σ2
hi

λi

σ2
hi,gi

φφφi(m)H vi(m)

σ2
gi

vi(m)HΦΦΦi vi(m)

TABLE II

ELEMENTS OFΦΦΦi AND φφφi(m)

[ΦΦΦi]t1,t2
λi J0 (2πfn |t1 − t2|M) + N0

Eb|bp|2 δt1,t2

[φφφi(m)]t λi J0 (2πfn |tM −m|)

indexing, wheret = −T1 : T2 is the frame index, t = 0 corresponds to the frame in which

estimation takes place,T = T1 + T2 + 1 frames are used for interpolation,m = 0 : M − 1

is the symbol index within the frame, wherem = 0 corresponds the pilot symbol andM is

the frame length. For MREC, the estimate of theith eigen-branch at themth data symbol

position in the current frame can be written based on [18] as

gi (0,m) = vi(m)H ri, (6)

wherevi(m) contains the interpolation coefficients and is denoted as the PSAM interpolation

filter, andri is a vector formed with the pilot signal samples:

ri
4
=

1√
Eb bp

[yi (−T1, 0) . . . yi (T2, 0)]T , (7)

with bp the pilot symbol, andyi (t, 0) = eHi ỹ (t, 0). The correlations required to computeµi

from (5) are determined based on (6) and (7) and are shown in Table I, whereΦΦΦi
4
= E{ri r

H
i }

andφφφi(m)
4
= E{ri h

∗
i (0,m)}. For Jakes’ model of temporal correlation [19], we express the

elements ofΦΦΦi andφφφi(m) in Table II, whereJ0(·) is the zeroth-order Bessel function of the

first kind andfn is the normalized maximum Doppler rate.

The interpolation filters can be classified as:

1) data-independent, e.g., the SINC filter with brick-wall-type frequency response, which

is optimum in the absence of noise; we taper its time-response with a raised-cosine

window [20], and denote the corresponding estimation approach as SINC PSAM.
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TABLE III

INTERPOLATION FILTERS

SINC [v (m)]t = sinc( m
M
− t)

cos[πβ( m
M
−t)]

1−[2β( m
M
−t)]2

MMSE vi (m) = ΦΦΦ−1
i φφφi(m)

2) data-dependent, e.g., the Wiener filter, which is minimum mean-squared error (MMSE)

optimum in the presence of noise, but requires the second-order statistics of the received

signals [18]; this filter is referred to as the MMSE filter, and the corresponding channel

estimation approach as MMSE PSAM.

Table III specifies the SINC [20] and MMSE [18] interpolation filters, where sinc(x) = sin π x
π x

,

andβ is the raised-cosine rolloff factor (β = 0.2 for the numerical results shown later).

III. APPROXIMATE MREC (AMREC) - PERFORMANCE ANALYSIS

In this section, we analyze the approximate MREC method for BPSK and Rayleigh fading.

In this case, the combiner weights are [9] [10]:

[wA]i = gi, i = 1 : N. (8)

It was shown in [17] that the distribution of the instantaneous output SNR is insufficient

for finding the AEP for the approximate maximal-ratio combining approach for BPSK

modulation. Instead, the decision variable for symbol detection has to be used [16] [9] [21],

so that our AMREC analysis starts with

q
4
= <

{
N∑

i=1

g∗i yi

}
=

N∑
i=1

<{g∗i yi} =
N∑

i=1

qi, (9)

where the random variablesqi
4
= <{g∗i yi}, i = 1 : N , are mutually independent.

The AMREC AEP-expressions shown next have been derived using the following proce-

dure:

1) for b = 1, the moment generating function (MGF) ofqi, Mqi
(s)

4
= E{e−s qi}, is

computed (alternatively, [9] [16] [21] used the characteristic function).

2) since qi are independent,i = 1 : N , the MGF of q is determined asMq(s)
4
=

Eq{e−s q} =
∏N

i=1 Mqi
(s), based on (9).
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3) a partial fraction expansion ofMq(s) may then be necessary before its inverse Laplace

transform is taken, thus leading to the PDF ofq, pq(q).

4) the AEP is calculated asPe =
∫ 0

−∞ pq(q) dq.

In general, some eigen-branches may be identically distributed since their corresponding

eigenvalues may coincide. For the rest of this section, let the index denote distinctly-

distributed eigen-branches so thatλ1 > λ2 > . . . > λK are theK ≤ N distinct eigenvalues,

with algebraic multiplicitiesr1, r2, . . . , rK , respectively, where
∑K

k=1 rk = N . Then, the steps

1) and 2) above produce:

Mq(s) =
K∏

k=1

1

[−a2
k(s− sk,1)(s + sk,2)]

rk
(10)

wherea2
k = 1

4
N0 σ2

gk

[
1 + Eb

N0
λk (1− µ2

k)
]
, and

sk,{1,2} =
2νk√

Eb λk σ2
gk

· 1

1∓ µk νk

(11)

are both real and positive, withνk =
√

Γk

Γk+1
with Γk = Eb

N0
λk.

The MGF in (10) is more conveniently rewritten as:

Mq(s) =
1

B

2K∏
p=1

1

(s + σp)ρp
(12)

whereB =
∏K

k=1 (−a2
k)

rk , σp = −sp,1, ρp = rp for p = 1 : K, andσp = sp−K,2, ρp = rp−K

for p = K + 1 : 2K. Based on [22,¶2.102, pp. 56-57], the partial fraction expansion for the

MGF in (12) is

Mq(s) =
1

B

2K∑
p=1

ρp∑

l=1

cp,l
1

(s + σp)
l
, (13)

and its coefficients may be calculated based on [22] [23] to be

cp,l
4
=

B

(ρp − l)!

{
D(ρp−l)

s [Mq(s) · (s + σp)
ρp ]

} |s=−σp ,

= (−1)ρp−l ·
∑

0≤i1,...,ip−1,ip+1,...,i2K≤ρp−l

i1+...+ip−1+ip+1+...+i2K=ρp−l

2K∏
j=1

j 6=p

(
ρj − 1 + ij

ij

)
1

(σj − σp)
(ρj+ij)

. (14)

The PDF ofq can be obtained as the inverse Laplace transform of (13):

pq(q) =
1

B

K∑

k=1

rk∑

l=1

[
− ck,l

(l − 1)!
ql−1esk,1 q u(−q) +

ck+K,l

(l − 1)!
ql−1e−sk,2 q u(q)

]
, (15)
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whereu(q) = 0 for q < 0, andu(q) = 1 for q ≥ 0. Then the average error probability (AEP)

for AMREC of orderN can be shown to have the following expression:

Pe =
1

B

K∑

k=1

rk∑

l=1

ck,l


−

√
Eb σ2

hk
σ2

gk

νk




l [
1

2
(1− µk νk)

]l

. (16)

This novel formula is applicable for any correlations between the original branches and for any

channel estimation method which satisfies the assumptions made earlier for the distribution

of the eigen-branches and their corresponding estimates (i.e., zero mean, jointly-Gaussian

random variables). AMREC AEP plots obtained by specializing the above formula to SINC

and MMSE PSAM channel estimation using the results from Section II will be discussed in

Section VI.

For equal-variance eigen-branches we can drop the indexk sincek = K = 1 (r1 = N ).

Manipulating (16) and (14), we obtain:

Pe =

[
1

2
(1− µ ν)

]N N−1∑
n=0

(
N − 1 + n

n

)[
1

2
(1 + µ ν)

]n

. (17)

This can be shown to coincide with [16, Eqn. 59], if the latter is written for the independent

eigen-branches. For perfectly-known channels we haveµ = 1 and (17) reduces to the well-

known result [15, Eqn. (14.4-15)], if the latter is written for the independent eigen-branches.

When all eigen-branches have distinct variances (K = N and rk = 1, ∀k = 1 : N )

then (16) and (14) yield:

Pe =
1

2

N∑

k=1

Sk · (1− µk νk) , (18)

where

Sk =
N∏

j=1

j 6=k

1

a2
j(sj,1 − sk,1)(sj,2 + sk,1)

. (19)

Previously, an AMREC-AEP expression was derived for unequal eigen-branch variances

(eigenvalues) [9], but it applies only to maximum likelihood (ML) channel estimation. Clearly,

the ML estimate — see [9, eqns. (3),(4)] or [10, eqns. (6),(7),(9)] — can be written similarly

to (6) where the elements ofvi are all equal to1, andri contains successive samples ofyi.

Therefore, our formula (16) can reproduce the expression in [9, Eqn. (16)] since it is more

general.

Note that for perfect channel knowledge (18) and (19) reduce to the well-known [15, Eqn.

(14.5-28)] and [15, Eqn. (14.5-27)], respectively, if the latter are written for the independent

eigen-branches.
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The AEP-expressions derived above hold for Max-ASNR BF. They obviously also hold

for AMRCO if the original branches are uncorrelated since then the KLT does not have any

effect, which makes AMREC and AMRCO identical. We show next that AMREC may be

equivalent to AMRCO even for correlated branches.

Proposition: for estimated branches and eigen-branches, AMRCO is equivalent to full

AMREC if and only if 1:

ÊH
L h̃ = EH

L
̂̃h. (20)

The proof follows easily by imposing the equality between the combiners’ outputs for

AMRCO and AMREC.

Clearly, if the original branches are uncorrelated thenEL = IL in (20), and the above AEP-

expressions describe AMRCO for independent branches with unequal or equal variances, for

any estimation method. For data-independent interpolation filters (such as ML or SINC)

straightforward calculations can show that (20) is satisfied, which makes full AMREC

equivalent to AMRCO and the above AEP-expressions withN = L apply for AMRCO.

For (data-dependent) MMSE interpolation we found through slightly more complicated

calculations that (20) is not satisfied, so that full AMREC is not equivalent to AMRCO.

Since full AMREC AEP does not always provide the AMRCO AEP, which would be

required for a comparison of various combining methods, we derived the latter using instead

the procedure from [21, Section III] to determine the MGF of the symbol detection variable,

and then the procedure described above by equations (12)–(16). The AMRCO AEP expression

(not shown, to save space) was specialized for both SINC and MMSE PSAM and will be

used in Section VI.

IV. EXACT MREC (EMREC) - PERFORMANCE ANALYSIS

Based on [14] where exact MRCO (EMRCO) of uncorrelated and imperfectly-estimated

branches was analyzed, we now analyze exact MREC. First, one can show that the

instantaneous SNR conditioned on the estimategi of the ith eigen-branch is [14]

γi =

Eb

N0
λi|µi|2

Eb

N0
λi (1− |µi|2) + 1

· |gi|2
σ2

gi

. (21)

1 ·̂ denotes an estimator
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Denote asγ the instantaneous SNR inwH y for some combinerw. Given the eigen-branch

estimates, the combiner weights [14]

[wE]i =

Eb

N0
µi

√
λi/σ2

gi

Eb

N0
λi (1− |µi|2) + 1

gi, i = 1 : N, (22)

will maximize γ, i.e. [4] [14]

γ =
N∑

i=1

γi, (23)

which can now be used for performance analysis [14]. Note the difference between the

weights for EMREC and AMREC given by (22) and (8), respectively.

The average error probability (AEP) for EMREC of orderN is then [15]

Pe,N = E{Pe(γ)} =

∫ ∞

0

Pe(γ) pt(γ) dγ, (24)

wherept(γ) is the probability density function (PDF) of the total instantaneous SNRγ.

For BPSK, it can be shown that (24) becomes [24]

Pe,N =
1

π

∫ π/2

0

Mγ

(
1

sin2 φ

)
dφ, (25)

with Mγ (s)
4
= E{e−sγ}, the MGF ofγ.

Sincegi is zero-mean and Gaussian,γi is exponentially distributed [4], i.e., with PDF

p(γi) =
1

Γ′i
e−γi/Γ′i , (26)

where the average eigen-branch SNR conditioned ongi is, based on (21):

Γ′i
4
= E{γi} =

Eb

N0
λi|µi|2

Eb

N0
λi (1− |µi|2) + 1

(27)

Then [24]

Mγi
(s)

4
= Eγi

{e−s γi} =
1

1 + s Γ′i
(28)

and, sinceγi, i = 1 : N are independent, the MGF ofγ is

Mγ(s) =
N∏

i=1

(
1

1 + s Γ′i

)
. (29)

Note that this reduces to [25, Eqn. (10-59)] for the case of perfect channel knowledge.

From (29) and (25), the AEP-expression for order-N EMREC is

Pe,N =
1

π

∫ π/2

0

N∏
i=1

(
sin2 φ

sin2 φ + Γ′i

)
dφ. (30)
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In Section VI numerical integration will allow evaluation of symbol detection performance

for EMREC (thus also Max-ASNR BF, whenN = 1). This formula can be used to select

the MREC order, as will be shown in Section V.

While full AMREC and AMRCO may be equivalent for certain channel estimation methods

(as discussed in the last part of Section III), a relationship between full EMREC and EMRCO

was not found. Although the EMRCO AEP can be found using the same procedure as for

AMRCO as described in Section III, this is unnecessary since in Section VI we are to

specialize all these formulas for antenna arrays. In such a case, for most channel models

[1] [7] [8] [26] all branchesh̃i, i = 1 : L have the same variance, which makes the (real-

valued) factors multiplying the branch estimates for EMRCO [14] coincide, so that EMRCO

is equivalent to AMRCO.

Full MREC and MRCO are always equivalent for perfectly-known channels [12]. There-

fore, if µi = 1 then (30) withΓ′i = Eb

N0
λi represents the MRCO AEP-expression for BPSK

modulation and perfectly-known Rayleigh fading branches which may be correlated and

with distinct variances. It can be used to show that uncorrelated and identically distributed

branches minimize AEP, while coherent branches maximize AEP for MRCO. The opposite

can be shown for Max-ASNR BF (for perfect channel knowledge) using (30) forN = 1.

V. ORDER SELECTION FOR MREC

In this section we first describe two MMSE-based criteria employed previously for reduced-

rank processing [27] and order selection for AMREC [10], and we outline their disadvantages.

Then, based on the EMREC AEP-expression, we propose a new order-selection criterion

which trades-off detection performance versus short-term processing complexity.

The MREC order may be determined based on the following MMSE criterion proposed

by Scharf in [28]:

min
N=1:L

E
{‖ỹ − EN EH

N ỹ‖2
}

. (31)

This criterion can be further written as [28]

min
N=1:L

[
L∑

i=N+1

λi + N ·N0

]
(32)

and is known as thebias-variance tradeoffcriterion [27] because it trades-off the error due

to removal of intended-signal components with the weakest contribution vs. the reduction in

noise variance due to the removal of the corresponding noise components.
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TABLE IV

AMREC ORDER-SELECTION CRITERION IN(33) FOR SINC AND MMSE PSAM

SINC minN=1:L

{∑L
i=1 λi −

∑N
i=1 v(m)Hφφφi(m)−∑N

i=1 φφφi(m)H v(m) +
∑N

i=1 v(m)HΦΦΦi v(m)
}

MMSE minN=1:L

{∑L
i=1 λi −

∑N
i=1 φφφi(m)HΦΦΦ−1

i φφφi(m)
}

= L

Scharf’s bias-variance tradeoff criterion only provides a lower-rank approximation of the

initial received signal vector and does not account for the actual estimation method or the

number of pilot symbols employed. To address this issue, Dietrich et al. [10] proposed finding

the order for AMREC using the following MMSE criterion:

min
N=1:L

E
{
‖h̃− EN ĥ‖2

}
. (33)

Although this criterion was successfully applied in [10] for ML-estimated eigen-branches,

assuming a constant channel over the training period, we found it unapplicable in other cases

as described below. For PSAM-based eigen-branch estimation using (6) simple calculations

show that the criterion in (33) becomes

min
N=1:L

{
L∑

i=1

λi −
N∑

i=1

vi(m)Hφφφi(m)−
N∑

i=1

φφφi(m)H vi(m) +
N∑

i=1

vi(m)HΦΦΦi vi(m)

}
, (34)

which for the SINC and MMSE interpolation filters in Table III yields the corresponding

criteria given in Table IV. In Section VI we will see that for correlated branches and

SINC PSAM the corresponding criterion in Table IV yieldsN < L for significant branch

correlation. However, for MMSE PSAM, Tables III and I show thatφφφi(m)HΦΦΦ−1
i φφφi(m) =

vi(m)HΦΦΦi vi(m) = σ2
gi

4
= E{|gi|2} ≥ 0 and therefore the corresponding criterion in Table IV

always yieldsN = L regardless of the branch correlation and noise variance. Thus, for MMSE

PSAM-based eigen-branch estimation, efficient selection of the MREC order is not possible

using Dietrich’s criterion.

Dietrich’s criterion was also found to underestimate the AMREC order compared to the

order which minimizes the BER (obtained by simulations) for ML estimation [10]. While

an underestimated order reduces the complexity of the receiver, it may also lead to poor

detection performance, as we will see for SINC PSAM in Section VI.

The above disadvantages can be avoided by using the EMREC AEP-expression (30) as

shown next. Assume thatΓ′i, i = 1 : L, are all known from (27) and ordered as follows:
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Γ′1 ≥ Γ′2 ≥ . . . ≥ Γ′L ≥ 0. It is clear from (27) that the AEP-performance of order-N EMREC

will never degrade by introducing the(N + 1)st strongest eigen-branch, i.e.,Pe,N+1 ≤ Pe,N ,

∀N ≤ L − 1 (full EMREC always has the lowest AEP). However, the performance gain

associated with an extra eigen-branch in EMREC may be too small to justify the increased

complexity. Therefore, we propose the following criterion:(N +1) dominant eigen-branches

should be used instead ofN only if

Pe,N+1 ≤ υ Pe,N , (35)

i.e., if the presence of an additional eigen-branch decreases the AEP by a factorυ ∈ (0, 1).

If we define the cutoff eigen-branch average SNR asΓ′c
4
= 1

υ
− 1 then, using (35) and (30),

it can easily be shown that

Γ′N+1 ≥ Γ′c (36)

is a sufficient condition for the AEP-inequality in (35) to hold. In an actual system the

factorυ ∈ (0, 1) should be used as a design parameter to trade-off detection performance vs.

complexity. Inappropriate selection ofυ can lead to the following situations: ifυ is chosen

too large then weak eigen-branches are considered for MREC, which insignificantly improve

the detection performance at the expense complexity; ifυ is chosen too small then too much

weight is placed on complexity reduction over detection performance.

The following limiting cases are possible for the criterion in (35):

• if Γ′1 ≥ Γ′2 ≥ . . . ≥ Γ′L ≥ Γ′c then full EMREC is the best choice.

• if Γ′1 ≥ Γ′c > Γ′2 ≥ . . . ≥ Γ′L then Max-ASNR BF is the best choice.

The numerical results from Section VI will show good performance when applying our

criterion for EMREC and even for AMREC. Note that the new criterion in (35) is intended

to select between Max-ASNR BF and higher-order MREC when the branch inter-correlation

is significant. This criterion is not for choosing between MREC and MRCO in general,

although it may work when full MREC and MRCO are equivalent (as for AMREC with

data-independent interpolation in PSAM — ML or SINC), as seen in Section VI.

Our criterion is reminiscent of hybrid selection combining/MRC [14] [24] (HSC/MRC).

While HSC/MRC selects the strongest (in short-term, instantaneous) branches, MREC with

our criterion selects the strongest (in long-term, averaging over fading) eigen-branches. Our

criterion is also reminiscent of the way dominant fingers are selected for further processing

in a RAKE receiver [26, Section 3.3.3].
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Finally, note that the discussed methods for MREC tuning can all be applied adaptively

in smart antenna array systems, but the newly-proposed criterion is general, accounts for the

estimation method and its parameters, and trades-off performance vs. complexity through a

parameter chosen by the system designer, unlike Scharf’s and Dietrich’s criteria.

VI. NUMERICAL RESULTS

Herein, we make use of the MREC AEP-expressions (16) and (30), and AEP-expressions

for MRCO, when the vector̃y in (1) consists of signals received at a uniform linear antenna

array (ULA) with L = 5 elements and inter-element distance equal to half of the carrier

wavelength. Unless otherwise stated, a single scattering region is assumed with central angle

of arrival (AOA) θc = 0◦ (broadside). The AOA is considered to have Laplacian distribution,

which fits actual measurements [1]. The standard deviation, or angle spread, is denoted as

σAS.

A. The effect of angle spread on combining performance

For the channel model described in [1], the eigenvaluesλi, i = 1 : L of the channel

correlation matrix and the fading correlation between any two adjacent elements,ρ1,2, are

plotted in Fig. 1 vs. angle spread. Notice that for smallσAS the received signals are highly

correlated so that the signal energy, i.e., tr(Rh) =
∑L

i=1 λi, is concentrated in the first

few eigenvalues, and then the available diversity gain is small [13]. As the angle spread

increases, the inter-branch correlation decreases, the channel becomes spatially more selective

and higher diversity gain is available. Notice also that several eigenvalues can be almost equal

at certain angle spread values.

The results shown next are for symbol-SNREb/N0 = 5 dB and normalized maximum

Doppler ratefn = 0.05, for which M = 7 and T = 11 (T1 = T2 = 5) are appropriate

parameter choices for PSAM and interpolation [18]. ForN = 1, EMREC reduces to the

low-complexity Max-ASNR BF approach. While Max-ASNR BF has the lowest AEP for

very smallσAS, the detection performance may degrade dramatically asσAS becomes larger,

as shown in Fig. 2 for SINC PSAM. To avoid this problem one could take advantage of

the available diversity gain by using EMREC with two or more eigen-branches [7], at an

increased complexity.

Given the EMREC order,1 < N < L, the AEP decreases with increasingσAS as long as

the signal subspace has smaller dimension thanN . The AEP-curve minimum occurs when
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Fig. 1. The eigenvaluesλi, i = 1 : L, of the channel vector correlation matrixRh̃, and the fading correlation coefficient

ρ1,2 at any two adjacent antenna elements vs. the angle spreadσAS , for the channel model in [1] with Laplacian AOA

distribution.
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Fig. 2. AEP vs. the angle spread for exact combining and SINC PSAM channel estimation; (30) is used for EMREC.

March 12, 2004 DRAFT



16

0 5 10 15 20 25 30 35 40
0

1

2

3

4

5

6

Angle spread, σ
AS

 (degrees)

S
el

ec
te

d 
or

de
r,

 N

exact combining; E
b
/N

0
 = 5 dB; υ = 0.95; f

n
 = 0.05; SINC PSAM : M = 7; T = 11.

New criterion
Scharf’s criterion
Dietrich’s criterion

Fig. 3. Selected EMREC order vs. the angle spread, for the three criteria described in Section V, for SINC PSAM channel

estimation.

the potential diversity gain for the chosenN is realized. The AEP starts degrading whenN

is smaller than the signal subspace dimension, and MREC inappropriately discards intended

signal energy.

Notice also that EMREC of orderN < L yields minimum AEP up to a certain angle

spread value which increases with greaterN . This is a direct consequence of the eigenvalue

dependence on angle spread (see Fig. 1) and its effect on the average eigen-branch SNRs

from (27) which appear in the EMREC AEP-expression (30).

Fig. 2 also shows that, for any givenN < L, EMREC has lower AEP than that of EMRCO

as long as the angle spread is small enough, and full EMREC performs at least as well as

EMRCO for any angle spread. Their performances tend to coincide for largeσAS because the

branches become nearly uncorrelated and the KLT has a minimal effect, rendering EMREC

almost identical to EMRCO.

Fig. 2 shows the AEP obtained with EMREC using the criteria described in Section V.

Notice the nearly-minimum AEP obtained using the new criterion (forυ = 0.95) compared

to the other two criteria. Fig. 3 highlights the results from Fig. 2 to show that, while EMREC

with various orders may have similar AEP, the new criterion selects the least complex
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Fig. 4. AEP vs. the angle spread for approximate combining and SINC PSAM channel estimation; (16) is used for

AMREC.

combiner. For example, forσAS = 10◦, EMREC with 3 ≤ N ≤ L = 5 has almost identical

AEPs, butN = 3, i.e., the minimum required order, is selected. Figs. 2 and 3 show that

Scharf’s and Dietrich’s criteria from (32) and (33), respectively, tend to underestimate the

EMREC-order.

Similar results can be obtained for Max-ASNR BF/EMREC/EMRCO for MMSE PSAM

channel estimation. One difference is that the corresponding curves are shifted slightly

downwards. Another one is that the Dietrich’s criterion in (33) always selects full EMREC,

thus maximizing the complexity regardless of the angle spread, i.e., the actual branch

correlation.

Note from Fig. 2 that, given the angle spread, overestimating the EMREC orderN increases

the complexity but cannot degrade the detection performance. Consider Fig. 4, describing the

performance of approximate combining (AMREC, AMRCO) for SINC PSAM. The selection

of AMREC order is critical because overestimatingN can now increase complexity as well as

degrade AEP performance. This behavior is determined by very low variance (eigenvalue) for

several eigen-branches for small-to-moderateσAS (see Fig. 1), which causes the corresponding

eigen-branch estimates,gi, to be mainly due to the corresponding noise,ni. Unless eliminated

by an appropriate criterion, the noise-only estimate enters AMREC as in (8). In EMREC the
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Fig. 5. AEP vs. the angle spread for approximate combining and SINC PSAM channel estimation, when2 clusters of

scatterers are present, one atθc,1 = −5◦, the other atθc,2 = 10◦; (16) is used for AMREC.

factors that multiply the eigen-branch estimates in (22) eliminate the contribution of noise-

only eigen-branches in the combiner output, so that AEP-performance always improves by

increasing the order of EMREC. Finally, Fig. 4 also shows that, although designed for exact

combining, the criterion can still provide good performance for AMREC.

In other results not shown, we also observed that, for MMSE PSAM, the AEP-performance

does not degrade with increasing AMREC-order since, for almost-zero eigenvalues, the

interpolation filter coefficients from Tables III and II are almost zero, so thatgi approaches

zero.

Finally, we consider the situation when2 clusters of scatterers are present, one atθc,1 =

−5◦ and the other atθc,2 = 10◦, each with the sameσAS. Fig. 5 describes approximate

combining for SINC PSAM, showing that a beamforming antenna is not adequate. However,

our criterion can still select the least complex AMREC which yields nearly-minimum AEP,

even outperforming AMRCO (equivalent to full AMREC for SINC PSAM) at small-to-

moderateσAS.
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Fig. 6. AEP vs. the symbol SNREb/N0, at σAS = 5◦, for approximate combining and SINC PSAM channel

estimation; (16) is used for AMREC.

B. The effect of symbol-SNR on combining performance

Fig. 6 depicts the AEP for AMREC and AMRCO with SINC PSAM channel estimation

vs. the symbol-SNR when the angle spread isσAS = 5◦. Notice that AMREC of orderN = 2

offers the lowest AEP whenEb/N0 < 8 dB. For an AEP of10−2 this choice of AMREC

is about0.9 dB better than MRCO, and about4.2 dB better than Max-ASNR BF. Thus,

a well-tuned MREC antenna system may yield important gains over a beamforming or an

MRC antenna system, for small-to-moderate angle spreads. For higher SNR, AMREC of

order N = 3 offers the minimum AEP. This suggests that for higher symbol-SNR, higher-

order AMREC should be employed, although this results in a smaller complexity- and AEP-

advantage of MREC over AMRCO. Again, the new criterion is shown to select the AMREC

order which offers the lowest AEP and complexity.

In Fig. 7 we show the performance of EMREC and EMRCO with MMSE PSAM channel

estimation vs. the symbol-SNR,Eb/N0 when the angle spread isσAS = 5◦. The corresponding

curves for SINC PSAM are similar but shifted downwards (not shown). Notice again that as

the symbol-SNR increases, EMREC of higher order should be employed for minimum AEP.

The cause for the changes in the combiners’ relative AEP-performance vs. symbol-SNR
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Fig. 7. AEP vs. the symbol SNREb/N0, at σAS = 5◦, for exact combining and MMSE PSAM channel estimation; (30)

is used for EMREC.

lies in their potential diversity gains given the branch correlation. Clearly, as the MREC order

increases, the corresponding potential diversity gain is a larger share of the total available

diversity gain, which is delivered by full MREC and MRCO. For any branch correlation, the

slopes of the MREC/MRCO AEP-curves at high symbol-SNR reflect the potential diversity

gain.

Fig. 8 presents the results obtained for two scattering regions, when the angle spread

is σAS = 5◦. AMREC of order N = 3, selected based on the new criterion, yields an

improvement of nearly0.6 dB over AMRCO atAPE = 10−2.

C. The effect of fading rate on combining performance

In other results not shown here, the AEPs of exact and approximate MREC and MRCO

were observed to be independent of the fading rate for SINC PSAM, which is as expected

since a fixed interpolation filter is used in estimation. However, for MMSE PSAM, we noticed

that faster fading may lead to significantly higher AEP. Nevertheless, SINC PSAM always

leads to higher AEP than MMSE PSAM (much higher for slow fading). Furthermore, we

noticed that MRCO and higher-order MREC improve faster than lower-order MREC when the

fading rate is decreasing, which is also caused by the difference in their potential diversity
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Fig. 8. AEP vs. the symbol SNREb/N0, for approximate combining and SINC PSAM channel estimation, when2 clusters

of scatterers are present, one atθc,1 = −5◦, the other atθc,2 = 10◦, each withσAS = 5◦; (16) used for AMREC.

gains. This may also change the relative performance of the combiners, although not as

significantly as when the symbol SNR is varied.

D. The effect of interpolator length on combining performance

The interpolator lengthT chosen for PSAM-based estimation (see Section II) directly

impacts delay, computational load and detection performance [18]. Fig. 9 shows the behavior

of MREC and MRCO for exact combining and MMSE PSAM vs.T . ForT = 1 the processing

is delay-free but yields high AEP. However,T (thus, the delay) does not have to be very

large in order for the combining method to reach the full potential. Furthermore, the detection

performance of higher-order MREC and of MRCO improves more quickly with increasing

T , which may also lead to changes in the relative performance of these combiners.

VII. CONCLUSIONS

In this work, for MPSK modulation and Rayleigh fading, we provide an analytical study

of maximal-ratio eigen-combining (MREC) and we compare it to maximum average signal-

to-noise ratio beamforming (Max-ASNR BF) and maximal-ratio combining of the original

untransformed received signals (MRCO), for antenna array systems. For imperfectly-known
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correlated channels, we obtain average error probability (AEP) expressions for exact and

approximate MREC, which may also be applied to Max-ASNR BF and MRCO. We also

analyze specific channel estimation methods based on pilot-symbol-aided modulation and

interpolation. For the adaptive tuning of MREC we propose a new criterion which accounts

for the channel estimation accuracy and can trade-off detection performance and complexity

in a smart antenna array system. Our numerical results show that MREC of order selected

using the proposed method provides substantial gains over Max-ASNR BF as well as over

MRCO in scenarios with high correlation among the received signals. Future work will

attempt an analysis of the eigen-combining approach in the presence of interference.
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