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Abstract—A two-input–multiple-output (TIMO) system represents an important special case of multiple-input–multiple-output
(MIMO) systems in practical scenarios. In this paper, transmit
optimization for TIMO spatial multiplexing systems is investigated. Minimum bit-error rate (MBER) is employed as the optimization criterion. Approximate MBER transmit power allocation
for a variety of receiver structures is proposed, including zeroforcing, successive interference cancellation (SIC), and ordered
SIC. Transmit-beamforming schemes using 4-ary pulse-amplitude
modulation and quaternary phase-shift keying premixing are also
proposed, which eliminate error floors in ill-conditioned TIMO
channels. It is shown both analytically and by numerical simulations that the proposed schemes offer superior performance
compared to existing schemes.
Index Terms—Minimum bit-error rate (MBER), power allocation, precoding, spatial multiplexing, transmit beamforming,
two-input multiple-output (TIMO).

I. I NTRODUCTION

W

IRELESS communications using multiple transmit and
receive antennas, known as multiple-input–multipleoutput (MIMO) systems, offers key advantages over singleinput–single-output (SISO) systems, such as diversity and
spatial multiplexing gains [1]. Our goal of this correspondence
is to investigate transmit optimization for a MIMO spatial
multiplexing system with two transmit antennas, known also as
two-input multiple-output (TIMO). The study of such a system
can be motivated in a number of ways: 1) TIMO systems are
important in practical scenarios where there are limitations on
cost and/or space to install more antennas; 2) a virtual TIMO
channel is created when two single-antenna mobiles operate in
cooperative communication mode [2]; and 3) when transmit antenna selection is employed in MIMO to achieve diversity with
reduced cost of transmit radio-frequency chains [3], selecting
two out of multiple transmit antennas turns MIMO into TIMO.
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Transmit optimization is receiver-dependent. Signal reception for spatial multiplexing can employ criteria such
as maximum-likelihood (ML), zero-forcing (ZF), minimum
mean-squared-error (MMSE), successive interference cancellation (SIC), or ordered SIC (OSIC) as, for example, in the case of
the Vertical Bell Laboratories Layered Space-Time [4]. Efforts
to optimize MIMO transceiver structures have involved, e.g.,
linear MMSE precoding/decoding [5] and minimum bit-error
rate (MBER) precoding for ZF equalization (ZF-MBER) [6].
These schemes, however, generally require high feedback overhead and/or high-complexity processing, e.g., diagonalization
of the channel matrix and/or matrix transformations at both the
transmitter and the receiver.
In this correspondence, we consider simplified precoding by
introducing structural constraints to precoding. We categorize
TIMO channels into well- and ill-conditioned cases. Channel
condition is determined by a number of factors, such as Ricean
factor and/or spatial correlation. For well-conditioned TIMO
channels, precoding is constrained to transmit power allocation,
i.e., we optimize only the transmitted power of signal streams,
resulting in reduced processing complexity compared to general
precoding. Approximate MBER (AMBER) power allocation
is proposed for TIMO spatial multiplexing in well-conditioned
channels. When the TIMO channel is ill-conditioned, both
ZF-MBER and MMSE precoding and the proposed power
allocation are shown to experience error floors. We introduce
added degrees of freedom and develop transmit-beamforming
schemes under an MBER criterion, which can eliminate these
error floors. Two transmit-beamforming methods are proposed
based on 4-ary pulse-amplitude modulation (4-PAM) and
quaternary phase-shift keying (QPSK) premixing. Compared
to precoding which exploits spatial correlation of transmit
antennas [7], the proposed transmit-beamforming method
utilizes instantaneous channel state information (CSI) and does
not depend on the channel model used. It is shown both analytically and by simulation that the proposed transmit-optimization
schemes offer superior performance compared to existing
precoding methods in general correlated fading channels.
II. TIMO C HANNEL AND T RANSCEIVER
Consider a TIMO system with Nr ≥ 2 receive antennas. The
received signal can be modeled as
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r = Hs + η = s1 h1 + s2 h2 + η

(1)
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where s .= [s1 , s2 ]T denotes a transmitted signal vector,
H = [h1 .. h2 ] is an Nr × 2 channel matrix, which is assumed
to be general correlated Ricean fading [8], and η is an Nr × 1
additive Gaussian noise vector. For simplification of analysis
purposes, we assume white noise and input, i.e., E[ssH ] =
Es I2 and E[ηη H ] = N0 INr , and define the signal-to-noise
def

ratio (SNR) γs = Es /N0 . Binary phase-shift keying (BPSK)
modulation is assumed. Extension to other constellations will
be addressed later.
A. TIMO Signal Reception
1) ZF Receiver: With ZF equalization, the transmitted signal is estimated as ŝ = H† r = s + H† η, where (·)† denotes
Moore–Penrose pseudoinverse. The decision-point SNR of the
kth signal stream is obtained as
γZ,k

2Es
def
2
=
= 2γs gZ,k
H
−1
N0 [(H H) ]k,k

def

2
where gZ,k
= [(HH H)−1 ]−1
k,k denotes the power gain of kth
stream and can be calculated as
2
gZ,1
=

∆H
,
$h2 $2

2
gZ,2
=

∆H
$h1 $2

(2)

def

2
where ∆H = $h1 $2 $h2 $2 − |hH
2 h1 | .
2) SIC Receiver: Without loss of generality (w.o.l.g.), we
assume that stream k = 1 is detected first. Assuming ZF equalization is employed, the power gain in detecting s1 is given by
2
2
= gZ,1
=
gS,1

∆H
.
$h2 $2

(3)

Assuming that ŝ1 = s1 , the interference due to the first
stream is then regenerated and subtracted, i.e., r% = r − ŝ1 h1 =
s2 h2 + η. The detection of s2 in r% with ZF equalization is
2
given by ŝ2 = h†2 r% = s2 + (hH
2 η/$h2 $ ), which is equivalent
to maximal ratio combining, with power gain
2
= $h2 $2 .
gS,2

(4)

3) OSIC Receiver: To improve SIC performance, the
streams can be reordered based on SNR at each stage. The
SNR-based ordering scheme [4] detects the stream with largest
decision-point SNR first. The stream to be detected first is
2
= arg max $hl $2
k1 = arg max γZ,l = arg max gZ,l
l∈{1,2}

l∈{1,2}

l∈{1,2}

(5)

i.e., SNR-based ordering is equivalent to norm-based ordering
in TIMO systems.1 Therefore, we obtain the power gains as
∆H
min {$h1 $2 , $h2 $2 }
"
!
= min $h1 $2 , $h2 $2 .

2
=
gO,1

(6)

2
gO,2

(7)

1 We note that this does not apply to general MIMO with N ≥ 3 transmit
t
antennas.
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The average BER of the above receivers can be calculated
as [9]
%&
%&
'
'
#
$ 1
1
P̄ γs ; g12 , g22 = Q
2γs g12 + Q
2γs g22
(8)
2
2
where the power gains g12 and g22 depend on the receiver
def

structure
are given in (2)–(4), (6), and (7); Q(x) =
√
(and
2
∞
(1/ 2π) x e−y /2 dy. We note that for SIC and OSIC receivers, (8) is only a lower bound due to the neglecting of error
propagation. However, at moderate-to-high SNR regimes, this
lower bound closely approximates the average BER, since error
propagation is minimal.
B. Ill-Conditioned TIMO Channels
We consider TIMO without transmit optimization first and
address precoding later. Since the Q(·) function decreases
rapidly in its argument, the average BER in (8) is dominated
by the term with smaller power gain. In the extreme case with
vanishing power gain, the system experiences an error floor. We
refer to this as an ill-conditioned TIMO channel. From gains in
(2)–(4), (6), and (7), the channel is ill-conditioned when either
∆H ∼
= 0.
= 0 or min{$h1 $2 , $h2 $2 } ∼
∼
1) The condition ∆H = 0 is equivalent to $h1 $2 · $h2 $2 ∼
=
2
H
2
2
H
|hH
1 h2 | . We have (|h1 h2 | /$h2 $ ) = h1 Υh2 h1 =
∼ $h1 $2 , where ΥX def
$Υh2 h1 $2 =
= X(XH X)−1 XH , is
the projection matrix. Therefore, w.o.l.g., we can assume
h2 ∼
= a · h1 with a ∈ C, and the channel matrix
H∼
= h1 [1 a]

(9)

which is also an example of a “pinhole” channel [10]. The
least squares (LS) estimate of a can be found to be
âLS = h†1 h2 =

hH
1 h2
.
$h1 $2

(10)

The
condition
2) Denote
m = arg mink {$hk $2 }.
2
min{$h1 $ , $h2 $2 } ∼
= 0 implies that hm ∼
= 0, i.e.,
the link from the mth transmit antenna to all receive
antennas is blocked. Note that, in this case, the model (9)
is still valid with a ∼
= 0.
Furthermore, it can be shown that the model (9) is valid
for ill-conditioned TIMO with linear ZF-MBER and MMSE
precoding/decoding as well.
III. A PPROXIMATE MBER (AMBER) T RANSMIT
P OWER A LLOCATION FOR TIMO
Denote the power allocated to the kth stream as p2k (k = 1, 2).
The received signal is given by r = p1 s1 h1 + p2 s2 h2 + η. We
assume that the total transmit power is constrained via p21 +
p22 = 2. The average BER of TIMO with power allocation can
be obtained by generalizing (8) to
# ! " ! "$
P̄ γs ; gk2 ; p2k
%&
%&
'
'
1
1
= Q
2γs g12 p21 + Q
2γs g22 p22 . (11)
2
2
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To minimize the average BER in (11) under transmit-power
constraint, no closed-form solution exists. However, taking the
approach in [11], we approximate the objective function to
obtain a closed-form AMBER solution with performance very
close to the MBER solution. For general constellations, the
BER can be approximated as Pb (γ) ≈ (1/5)e−cγ , where c is
a constellation-specific constant [12]. For BPSK modulation,
c = 1, and the AMBER power allocation is obtained as [11]
#
$
p2k = γs−1 gk−2 ln gk2 + ν + ,
k = 1, 2
(12)
def

where (x)+ = max{0, x} and ν is chosen to satisfy power
constraint. Note the fact that the total transmit power p21 + p22
is a piecewise-linear function in ν, with breakpoints at − ln g12
and − ln g22 . W.o.l.g., we assume g12 ≥ g22 . We can simplify the
solution (12) as
$
#
) 2
if ln g12 −g22 ≥ 2γs g12
p1 = 2, p22 = 0,
p21

=

ln g12 +νa
,
γs g12

p22

=

ln g22 +νa
,
γs g22

r = HPs + η. With ZF equalization, the estimate of the transmitted signal is given by
* +
z1
= H† r
z2
%*
+*
+
1
1
a
p11 s1 + p12 s2
=
a∗ |a|2
p21 s1 + p22 s2
1 + |a|2
*
+'
hH η
1
+ 1 2
.
(14)
$h1 $ a∗
From (14), we observe that the transmitted signals s1 and s2
are coupled in z1 and z2 , and z2 = a∗ z1 . Therefore, it suffices
to process z1 only. Consider
$
def #
z1% = 1 + |a|2 z1

= (p11 + ap21 )s1 + (p12 + ap22 )s2 +

otherwise

(13)

where νa = (2γs g12 g22 − g12 ln g22 − g22 ln g12 )/(g12 + g22 ). A similar power-allocation scheme for OSIC was proposed [13]. The
solution in [13] is actually a special case of our proposed
solution (12), corresponding to the second case of (13). Although our discussion of power allocation is focused on TIMO
channels and BPSK modulation, extension to general MIMO
systems and modulations is straightforward [14], [15].
1) Feedback Overhead and Complexity: For a TIMO system using a general precoding method, either the channel or
precoding matrix is required at the transmitter. The proposed
power-allocation scheme requires only transmitted power information. Precoding schemes require diagonalization of a channel
matrix [5], [6]. Using power allocation, operations performed at
the transmitter are trivial. Therefore, power allocation has less
overhead and complexity compared to general precoding.
2) Performance in Ill-Conditioned Channels: W.o.l.g., we
assume |a| ≤ 1 in the ill-conditioned channel (9). The power
2
2
∼
gains of OSIC can be obtained as gO,1
=
= 0 and gO,2
2
2
|a| $h1 $ . Applying power allocation in (12), we obtain
p21 = 0, and p22 = 2. The average BER of power allocation for ill-conditioned channels can be approximated as
P̄ (γs ; h1 , a) ∼
= (1/10) + (1/10) exp{−4γs |a|2 $h1 $2 }, which
experiences an obvious error floor. This motivates our study of
transmit beamforming for ill-conditioned TIMO channels.
IV. T RANSMIT B EAMFORMING FOR I LL -C ONDITIONED
TIMO C HANNELS
We consider BPSK modulation for derivation of transmitbeamforming schemes. The idea can be extended to other
constellations.
A. Transmit-Beamforming Method
Consider general precoding for ill-conditioned
TIMO+ chan*
p11 p12
nels. Denote the precoding matrix P =
. The
p21 p22
normalized transmit-power constraint is given by tr(PPH ) =
|p11 |2 + |p12 |2 + |p21 |2 + |p22 |2 = 2. The received signal is

hH
1η
.
$h1 $2

(15)

Signal detection can be performed in either 1-D or 2-D signal
space.
1) 1-D Signal Detection: W.o.l.g., we assume that s1 is
detected first. The average BER can be approximated as
P̃1D (γs ; h1 , a; P) ∼
=

1 −γs $h1 $2 [-(p11 +ap21 −p12 −ap22 )]2
e
20
2
1
2
+ e−γs $h1 $ [-(p11 +ap21 +p12 +ap22 )]
20
2
1
2
+ e−γs $h1 $ [-(p12 +ap22 )]
10

def

= P̃1D .

(16)

It can be shown that, w.o.l.g., the precoder minimizing (16)
under the transmit-power constraint satisfies p11 ≥ 0, p12 ≥ 0,
ap21 ≥ 0, and ap22 ≥ 0. Denote p21 = a∗ q21 and p22 = a∗ q22 ,
where q21 ≥ 0 and q22 ≥ 0. To find a closed-form solution, we
further approximate average BER (16) as
P̃1D (γs ; h1 , a; P) ∼
=

1 −γs $h1 $2 (p11 +|a|2 q21 −p12 −|a|2 q22 )2
e
10
2
2
2
1
+ e−γs $h1 $ (p12 +|a| q22 ) . (17)
10

By using the method of Lagrange multipliers, the solution to
the problem of minimizing (17) can be obtained as q21 = p11 ,
q22 = p12 , and p11 = 2p12 . To satisfy the power constraint,
we have

0
$
#
2 −1/2


 p11 = 8/5 1 + |a|
p12 = p11 /2
(18)
∗


 p21 = a∗ p11
p22 = a p12
from which the precoder is obtained as
P1D

* + 5
$
#
2
1
2 −1/2
[2 1]
= 1 + |a|
×
a∗
5
23
4 1 23 4
1
vBF

def

T
= vBF vPM1
.

T
vPM1

(19)
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The precoder (19) has rank one and can be viewed as premixing vPM1 followed by transmit beamforming vBF pointing in
the AMBER direction. Note that vPM1 premixes two BPSK
streams with different allocated powers into a 4-PAM stream.
We refer to this scheme as 4-PAM beamforming.
2) Two-Dimensional Signal Detection: W.o.l.g., we assume
s1 and s2 are, respectively, in-phase and quadrature components of (15). We can assume, w.o.l.g., that p11 ≥ 0, jp12 ≥ 0,
ap21 ≥ 0, and jap22 ≥ 0. Accordingly, the average BER can
be calculated as
7
1 60
P̄2D (γs ; h1 , a; P) = Q
2γs $h1 $2 (p11 + ap21 )2
2
7
1 60
+ Q
−2γs $h1 $2 (p12 + ap22 )2 .
2
(20)
By using Lagrange multipliers, the exact MBER solution
that minimizes (20) under the transmit-power constraint is
obtained as

$
#
2 −1/2


 p11 = 1 + |a|
p12 = jp11
(21)
∗


 p21 = a p∗ 11
p22 = ja p11 .

Therefore, the precoder is given by

* +
$−1/2 1
#
P2D = 1 + |a|2
×[1 j ]
a∗
1 23 4
23
4
1
vT
vBF

def

T
= vBF vPM2
.

(22)

B. Performance Analysis
1) Performance of Beamforming in Ill-Conditioned Channels: Substituting (19) into (16) and (22) into (20), we obtain
the approximate average BER as, respectively
8
9
#
$
2
3
BF
exp − γs $h1 $2 1 + |a|2
(γs ; h1 , a) ∼
P̄4−PAM
=
20
5
BF
= P̃4−PAM
(γs ; h1 , a)

!
#
$"
1
exp −γs $h1 $2 1 + |a|2
5
def
BF
= P̃QPSK
(γs ; h1 , a).

BF
(γs ; h1 , a) ∼
P̄QPSK
=

(24)

Therefore, both 4-PAM and QPSK beamforming do not experience error floors in ill-conditioned channels. Comparing (24)
with (23), we observe an approximate SNR gain of 2.5 (∼
=4 dB)
at the expense of increased detection complexity. This will be
verified by simulations in Section V.
2) Performance of Beamforming in Well-Conditioned Channels: It is of interest to study performances of beamforming
in well-conditioned channels. The performances of 4-PAM and
QPSK beamforming can be obtained by substituting âLS in (10)
into (23) and (24), respectively
BF
P̃4−PAM
(γs ; h1 , h2 )
8
9
2
3
2 $h1 $4 + |hH
1 h2 |
=
exp −γs · ·
20
5
$h1 $2

BF
(γs ; h1 , h2 )
P̃QPSK
8
9
2
1
$h1 $4 + |hH
1 h2 |
= exp −γs ·
.
5
$h1 $2

(25)

(26)

From (25) and (26), we observe that 1-D detection has a 4-dB
power penalty relative to 2-D detection in well-conditioned
channels as well.
V. N UMERICAL R ESULTS AND D ISCUSSIONS

PM2

Note that vPM2 premixes two BPSK streams into a QPSK
stream. We refer to this scheme as QPSK beamforming.
Feedback Overhead and Complexity: From (19) and (22),
only an estimate of a is required at the transmitter, which can
be obtained using (10). Operations performed at the transmitter
are also trivial.
Connection to ML–Minimum Distance (MD) Precoding:
We note that both ML–MD precoding [16] and QPSK beamforming (22) premix two BPSK streams into a QPSK stream.
Minimum distance precoding applies to ML detection using
Euclidean distance criterion. Channel diagonalization is required for ML–MD precoding, and the premixed QPSK stream
is transmitted over the dominant channel eigenmode. On the
other hand, the proposed QPSK beamforming applies to ZF
receivers and is derived based on ill-conditioned channel model
(9) under an MBER criterion.

def

707

(23)

We compare BER performance of the proposed MBER
transmit power-allocation and beamforming methods with existing precoding methods in well- and ill-conditioned channels,
respectively. In our simulations, we adopt the spatial fading
correlation model for general nonisotropic scattering given in
[8]. The following parameters are chosen: Nt = 2 transmit and
Nr = 4 receive antennas; transmit and receive antenna spacings
expressed in wavelength are 0.5 and 10, respectively; angles of
arrival and departure of the deterministic components are 30◦
and 0◦ , respectively; angle spread 10◦ ; K = 8 dB for Ricean
fading channels; and BPSK modulation is used for the purposes
of comparison with [6].
Fig. 1 is a plot of the average BER for a variety of transceivers in an uncorrelated Rayleigh fading channel. To clarify
the plot, performances of ZF with power allocation and SIC
without power allocation are not shown, since they are nearly
identical to that of MMSE precoding/decoding; OSIC without
power allocation (also not shown) has performance close to that
of ZF-MBER precoding. We observe that at a BER of 10−3 ,
the proposed power-allocation scheme offers 0.5, 1.2, and
0.6 dB gains over ZF, SIC, and OSIC receivers, respectively.
Both SIC and OSIC with power allocation outperform precoding schemes, e.g., at a BER of 10−3 , OSIC with power allocation offers 0.9- and 1.9-dB SNR gains over ZF-MBER and
MMSE precoding/decoding, respectively. In Fig. 1, it is also
observed that QPSK beamforming offers superior performance
to all other simulated schemes except ML–MD precoding,
e.g., at a BER of 10−3 , its SNR gain over OSIC with power
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Fig. 1. Average BER performance in uncorrelated Rayleigh fading TIMO
channel (Nt = 2, Nr = 4).

Fig. 3. Average BER performance in uncorrelated Ricean fading TIMO
channel (Nt = 2, Nr = 4, K = 8 dB).

Fig. 2. Average BER performance in correlated Rayleigh fading TIMO
channel (Nt = 2, Nr = 4).

Fig. 4. Average BER performance in correlated Ricean fading TIMO channel
(Nt = 2, Nr = 4, K = 8 dB).

allocation is 3.3 dB. Fig. 2 illustrates average BER performance
in correlated Rayleigh fading. Similar relationships among the
simulated schemes as in uncorrelated Rayleigh fading channels
are observed.
Figs. 3 and 4 illustrate average BERs in uncorrelated and
correlated Ricean fading channels, respectively. Performance
of SIC without power allocation (not shown) is nearly identical
to that of MMSE precoding/decoding. Again, SIC and OSIC
with power allocation outperform ZF-MBER and MMSE precoding/decoding. We also observe that the proposed 4-PAM
and QPSK beamforming offer significant gain over the powerallocation schemes shown: At a BER of 10−3 , 6.3- and 10.2-dB
SNR gain over OSIC with power allocation in uncorrelated
fading, and 7.5 dB and 11.5 dB correlated fading are observed.
This is as excepted since in Ricean fading, due to the existence
of a line-of-sight component, the channel matrix is likely to be
ill-conditioned.
1) General Observations: From Figs. 1–4, we observe
a 4-dB power penalty for 4-PAM beamforming relative to

QPSK beamforming. In all simulated channels, SNR losses
of QPSK beamforming relative to ML–MD precoding are less
than 0.5 dB.
VI. C ONCLUSION
MBER transmit power allocation and beamforming for
TIMO spatial multiplexing are proposed in this paper. It is
shown that SIC and OSIC with AMBER power allocation
outperform linear ZF-MBER and MMSE precoding/decoding
schemes in Rayleigh fading channels, e.g., at a BER of 10−3 ,
OSIC with power allocation offers 0.9- and 1.9-dB SNR
gains over ZF-MBER and MMSE precoding/decoding, respectively. The proposed 4-PAM and QPSK transmit beamforming eliminates error floors and offers superior performance
over both power allocation and ZF-MBER and MMSE precoding/decoding in Ricean fading channels, e.g., at a BER
of 10−3 , 4-PAM beamforming offers 6.3- and 7.5-dB SNR
gains over OSIC with power allocation in uncorrelated and
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correlated Ricean fading, respectively, and QPSK beamforming
offers 10.2- and 11.5-dB gains, respectively. Compared to more
general precoding methods, the proposed transmit optimization
schemes provide a simple and efficient way to exploit partial
channel-state information at the transmitter.
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