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Comparison of CP-Based Single Carrier and OFDM With Power Allocation
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Abstract—Existing performance comparisons of single-carrier
(SC) and multicarrier transmission are mainly based on simulations. In this letter, we present a framework to compare the
performance of cyclic prefix (CP)-based SC block transmission
and orthogonal frequency-division multiplexing (OFDM) in
frequency-selective fading channels. Minimum mean-squared
error, equal-gain, and approximate minimum bit-error rate
power-allocation schemes for CP-OFDM are considered. Performance of these methods is compared analytically and verified by
simulations.
Index Terms—Cyclic prefix (CP), frequency-selective fading, orthogonal frequency-division multiplexing (OFDM), single-carrier
(SC), power allocation.

I. INTRODUCTION

C

OMPARISONS between multicarrier (MC), particularly
orthogonal frequency-division multiplexing (OFDM),
and single-carrier (SC) transmission has been investigated
over the years. Simulations [1] have shown that the uncoded
performance of SC transmission with frequency-domain equalization (FDE) substantially outperforms that of OFDM using
a cyclic prefix (CP). In [1], powerful channel coding and frequency-domain interleaving are used to combat performance
degradation from channel nulls in OFDM. Recently, it has
been shown that block SC transmission, with similar block
structure to CP-OFDM and FDE, has similar equalization
complexity and coded performance to that of OFDM [2]. In
this letter, we present a framework for analytical comparison
between CP-SC block transmission and CP-OFDM with power
allocation. Power allocation adjusts the transmitted power of
subcarriers, which is a simplified alternative to joint power and
bit loading widely studied in discrete multitone (DMT), an MC
scheme used in wire-line applications [3]. In this letter, a variety of power-allocation schemes for CP-OFDM are analyzed
and compared, including approximate minimum bit-error rate
(AMBER), equal-gain (EG), and minimum mean-squared error
(MMSE) [4], [5].
II. BACKGROUND

can be found in closed form. For CP-OFDM, it can be shown
that MMSE equalization and ZF equalization are equivalent [5].
For CP-SC using MMSE equalization, though no closed-form
error-rate performance can be found, by using the Beaulieu series [6], the instantaneous bit-error rate (BER) can be approximated closely with a fast Fourier transform (FFT)-based efficient calculation [5].
A serial stream of data is serial-to-parallel (S/P) con. For OFDM transmission,
verted into data blocks of size
MC modulation is performed via inverse fast Fourier trans,
form (IFFT) to obtain the time-domain signal block,
is the
FFT matrix with
th entry
where
, and
denotes matrix Hermitian. For SC systems, no MC modulation is performed. A
length- CP guard interval is then inserted between each block,
and the resulting block is parallel-to-serial (P/S) converted and
sent sequentially through the channel. A multipath propagation
channel can be modeled as a finite impulse response (FIR) filter
and additive white Gaussian
with tap vector
. At the receiver, the first
noise (AWGN)
entries corresponding to the CP are removed. For simplicity of
analysis, we assume that both input and noise are white, the
length of the CP is no less than the channel model order ,
and binary phase-shift keying (BPSK) modulation is used.
A. SC With CP (CP-SC)
The received block of CP-SC can be written as (after CP removal)
(1)
where
is an
circulant channel matrix with first
column
, and is the
AWGN vector. By assumption,
and
. The ZF time-domain equalizer
is given by the circulant matrix
, where
denotes the
Moore–Penrose pseudoinverse. The ZF equalization output is
, from which the decision-point signal-to-noise
ratio (SNR) can be calculated as

We review a variety of transmission schemes. Zero-forcing
(ZF) equalization is considered, since its error-rate performance
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(2)
where
is given by1

. Using (2), the average instantaneous BER

(3)
where

.

1The noise in the decision variable is generally not AWGN. This assumes
AWGN gives a good approximation to the BER performance.
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B. CP-OFDM
After CP removal at the CP-OFDM receiver, the received
block can be written as

multipliers, the MMSE power-allocation solution under the
block power constraint (7) can be found as [5]
(11)

(4)
Performing MC demodulation via FFT, we obtain the frequency-domain received block
(5)
where the superscript denotes a frequency-domain variable,
and the last equality follows from the well-known property of
. The frequencycirculant matrices,
. The
domain ZF equalizer is given by the diagonal matrix
average instantaneous BER is given by

III. PERFORMANCE COMPARISON
We compare the instantaneous BER of ZF-equalized CP-SC
and a variety of CP-OFDM schemes.
A. CP-SC Versus CP-OFDM Without Power Allocation
From (3) and (6), the average instantaneous BER expressions
can be unified as
(12)

(6)

where

’s for CP-OFDM and CP-SC are given by, respectively

C. CP-OFDM With Power Allocation

(13)

Denote

as the transmitted power of the th subcarrier
, and define the power-allocation matrix
. The block power constraint can be
normalized as
(7)
From (5), the received frequency-domain block is given
. With ZF equalization, we obtain
by
. The decision-point SNR of the th
, and the average instantaneous
subcarrier is given by
BER
(8)
1) AMBER Power Allocation: To minimize (8) under
transmit power constraint (7), no closed-form solution exists.
However, taking the approach in [5], we approximate the
objective function to obtain a closed-form solution2
(9)
, and is chosen to satisfy the block
where
power constraint (7).
2) EG Power Allocation: The EG power-allocation solution
pre-equalizes the gains of subcarriers so that all gains are equal,3
which is given by

From the second derivatives of (12),
, it can be shown
that the Hessian matrix is positive definite, as long as the
(1.76 dB). This
decision-point SNR
is large. Therefore,
condition holds asymptotically when
is asymptotically convex in ’s. From (13), we
. By Jensen’s inequality, we
know
conclude that
(14)
B. CP-SC Versus CP-OFDM With EG Power Allocation
For CP-OFDM with EG power allocation, we calculate the
decision-point SNR [see (10)]
(15)
Therefore, CP-OFDM with EG power allocation has the same
performance as ZF-equalized CP-SC.
C. CP-SC Versus CP-OFDM With MMSE Power Allocation
From (8), (11), and (12), we have
. When
, by Taylor series
at
, we can write
expansion of
as

(10)
3) MMSE Power Allocation: The MMSE power allocation
minimizes the MSE of the ZF equalizer output. Using Lagrange
2An equivalent solution was proposed in the independent work [4], where the
Chernoff upper bound of BER was used.
3This scheme was also addressed in [3] as a high-SNR approximation to
power allocation.

(16)
We

note

that

in

the

above

series

expansion,
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, while
.
, we
However, from the first and second derivatives of
. When
obtain
, we have
, and, accordingly, from
(16)
(17)
D. CP-SC Versus CP-OFDM With AMBER Power Allocation
Note that in (9), at high SNR, the condition
holds, and the AMBER power allocation can be obtained as
(18a)
(18b)
From (8), (12), and (18), we obtain, for AMBER power-allocated CP-OFDM

Fig. 1. Example of instantaneous BER comparison of SC and MC trans= 64).
mission in a frequency-selective channel (block size

N

(19)
At moderate-to-high SNR,

, and we can approximate

From the Taylor series expansion of
have

at

(20)
, we

Fig. 2. BER comparison using frequency-selective fading channel model 1 in
[7] (block size
= 16).

N

IV. NUMERICAL RESULTS
We now compare our analytical asymptotic performance results derived in Section III with simulations at finite SNRs.
Example 1: We compare the instantaneous BER performance of SC and a variety of OFDM schemes. The frequency-selective channel tap vector is randomly generated.
The instantaneous BER performance is plotted in Fig. 1. At
all SNRs shown, CP-OFDM with AMBER power allocation
outperforms ZF-equalized CP-SC (or CP-OFDM with EG
power allocation), CP-OFDM with MMSE power allocation,
and conventional CP-OFDM without power allocation.
Example 2: We compare the BER performance of SC and
MC schemes in fading channels. The channel models in [7] are
used. Channel 1 with tap powers [0.15, 0.65, 0.15, 0.05] has
moderate nulls, while channel 2 with tap powers [0.39, 0.16,
0.26, 0.19] has severe nulls [7]. From Figs. 2 and 3, we see
that CP-OFDM with AMBER power allocation outperforms

Fig. 3. BER comparison using frequency-selective fading channel model 2 in
[7] (block size
= 16).

N
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ZF-equalized SC (or OFDM with EG power allocation) and
conventional CP-OFDM without power allocation. At a BER of
, CP-OFDM with AMBER power allocation has a gain of
around 7.5 dB as compared with EG power allocation, as well
as schemes without power allocation. We also observe from
these figures that CP-OFDM with MMSE power allocation has
poor BER performance in fading channels at all SNRs shown.
V. CONCLUSION
CP-based SC and OFDM transmission schemes are compared
in this letter. Through analysis and confirmed by simulations,
we have established that uncoded CP-OFDM is inferior to
ZF-equalized CP-SC, CP-OFDM with EG power allocation has
the same performance as ZF-equalized CP-SC, and CP-OFDM
with AMBER power allocation outperforms ZF-equalized
CP-SC. It is worth noting that the complexities of the different
power-allocation schemes are comparable.
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